For C*-algebras C and D and their C*-subalgebras A and B, it is shown with other related results that if all irreducible representations of A are finite dimensional with bounded degree then the family of product functionals in the minimal C*-tensor product C®D determines completely the subalgebra A®B. Relations to Effros' recent work are also discussed.
§ 1. Introduction
Let C and D be C*-algebras. In the case of the minimal tensor product of C*-algebras, C®D, the family of product functionals detera mines completely the norm in C®D. Nevertheless, once we are conoc cerned with the structure of the algebra there appear many things in which we do not know the effect of the family of product functionals. Some of them give rise to basic difficulties in the theory of tensor products of C*-algebras. For example, for a non-zero ideal / of C we still do not know in general whether the kernel of the homomorphism the family of product functional can determine a product subalgebrâ 4®B, that is, whether to each element x not belonging to A®B there a a exists a product functional cp®\l/ vanishing at A®B with <x, ^®^>^0.
a The problem will be formulated in terms of a certain extraordinary product (Fubini product)' of subalgebras A and B in C®D. If one a recalls results in Grothendieck [8] or Waelbroeck [19] one may regard the problem as a C*-algebraic version of the usual approximation problem for Banach spaces, which had been remained open for a long time until Enflo [6] gave the first counter-example. We shall give in §2 a description of our problem as well as formulations of the problem. The main result will be stated in § 3. In spite of the depth of the problem, to date all that we have succeeded in proving is that (Theorem 3.1) if A is a C*-algebra whose irreducible representations are finite dimensional with bounded degree, then the question is affirmative for any triple of C*-algebras (B 9 C, D). In §4 we shall show relations and difference between our Fubini product and an extraordinary product defined recently in Effros [4] as another C*-algebraic analogue of the approximation problem of Banach spaces. Next §5 concerns a little different subject from others. The result here says, roughly speaking, that for a generalized Fubini map defined in §4 the Fubini type principle (which will be shown to be quite useful throughout this paper) holds if and only if the induced functional is cr-weakly continuous. The author would like to thank G. A. Elliott and M. Takesaki for their stimulating conversation on the subject and H. Araki for his hospitality during the author's stay at the Research Institute for Mathematical Sciences, Kyoto University. §2.
Formulations of the Problems
Let C and D be C*-algebras and A and B be C*-subalgebras of C and D respectively. Throughout this paper we do not assume units for these C*-algebras unless otherwise specified. When the algebras C and D are acting on Hilbert spaces H and K the minimal C*-tensor product C®D is defined as the closure of the algebraic tensor product C®D by the operator norm of the algebra of all bounded operators on H®K. Hence the product algebra A®B is considered as a C*-subalgebra of C®D. For each bounded linear functional cp on C (resp. a \l/ on D) we can define a bounded linear mapping R^ from C®D to a D (resp. Ly from C®D to C) which we call a right Fubini map (resp. a left Fubini map), such that These two kinds of mappings are related in the following way;
We call this the Fubini type principle since it may be regarded as a Fubini theorem for the product functional <p®\l/. It is shown in [14] , [16] that these mappings and the above equality are quite useful in the theory of the minimal tensor product of C*-algebras.
We 
A particular case of this fact is the result for relative commutants; if M i and JV A are von Neumann subalgebras of M 2 and JV 2 then we have
If ,F is a group of *-automorphisms of M and if ^ is a group of *-automorphisms of N, then the subalgebra of fixed points for ^xâ cting as a group of *-automorphisms of M®N is contained in F(M^, Ng) of the subalgebras of fixed points M^ and AT^. Hence we have
In spite of these positive results the author is afraid that the answer to Question i for C*-tensor products could be negative in general.
We note two preliminary lemmas.
Lemma 2.1, Each element xeF(A,B) gives rise a linear mapping from A* to B whose restriction to the unit sphere of A* is weak* continuous. It also defines a linear mapping from B* to A whose restriction to the unit sphere is weak* continuous.
Proof. Let a) be a bounded linear functional on A and let (p and (f) be extensions of CD to C. Then for an arbitrary \f/eD* we have Hence the image R^x) in B does not depend on the choice of the extensions of a>. We denote this image by R(co, x). The mapping jR(c0, x) is apparently a linear mapping from A* to B. On the other hand, one easily verifies that the mapping R (p (x) from C* to D is weak* continuous on the unit sphere of C*. Hence if we consider norm preserving extensions of elements in the unit sphere of A* to C* and the weak* compactness of the unit sphere of C* we may conclude that R(co, x) is weak* continuous on the unit sphere of ^4*.
Lemma 2.2. Let I and J be closed ideals of A and B, respectively. Then the Fubini product F(I, J) with respect to A®B is a closed ideal.
a Proof. Take a fixed x e F(/ 5 J). It is enough to show that both (a®b)x and x(a®b) belong to F(J, J) for aeA and beB. Take cpeA* and i^eJ5*. We denote by L a q> the functional defined by Then, Hence we have
Similarly we see that
Thus, (a® b)x e F(/, J). A similar argument shows that x(a® b) e F(I 9 J).
Next we shall describe a relation of our problem to the usual approximation problem of Banach spaces. Let E^ and E 2 be Banach =ŝ paces and denote by E^®E 2 the injective tensor product of E l and E 2 . Waelbroech [17] defined a product E l q>E 2 as one of the following three mutually isometric Banach spaces:
a) The space of all linear mappings of E* into E 2 whose restriction to the unit sphere of Ff are weak* continuous.
b) The space of all linear mappings of E\ into E± whose restriction to the unit sphere of £* are weak* continuous.
c) The space of all bilinear forms on Ef x E\ whose restriction to the product of the unit sphere are weak* continuous.
A Banach space E is said to have the approximation property if each compact operator on £ is a uniform limit of finite rank operators. Then a result in [19] to CPO®C(Y), too. Then it is not so hard to see that The proof will be decomposed into a sequence of lemmas. Before going into the proof we list some consequences of the above result.
Corollary 1. Let I be a closed ideal of C with the property mentioned above. Then the kernel of the homomorphism
The result is previously known with restrictions to the algebra C (such as C is of type I etc.). Let A be an n-homogeneous C*-algebra, which means that every irreducible representation of A is ^-dimensional. Put X = A, the dual of A. We write P t for the primitive ideal corresponding to the representation teX. Denote by A(t) the image of A by t. The image of an element a will be denoted by a(t). In this case the space X is a locally compact HausdorfT space and the function f-»||a(f)|| is continuous and vanishes at infinity. Let <F be the set of all operator fields in {X, A(f)} induced by the elements of A. A field x(t) in {X, A(t)} is said to be continuous with respect to & if for any teX and positive 8 there is a field a in & and a neighborhood U of t such that || x(s) -a(s) || < e for every set/.
It is known that the algebra A is represented as the C*-algebra of all continuous fields in {X., A(i), ^} vanishing at infinity with local triviality ( [7] , [11] 
. The function t-+\\x(i)\\ is continuous on X and vanishes at infinity. The algebra A®B is isomorphic to the algebra of cona tinuous fields in {X, A(t)®B} with respect to the fields x(t)'s.

Then we have a = t®l(z) and b = s®l(z).
Hence by the general Stone-Weierstrass theorem for C*-algebras of continuous fields [15; Theorem 2.2], the assertion follows. This completes the proof,
Remark. The above proof shows that the result is valid for any C*-algebra of continuous fields with local triviality. Now we are back to our original situation assuming that A is 7i-homogeneous. We extend the representation t to a representation n t of C on a space K such that the restriction of 7i t (A) to a subspace H is unitarily equivalent to t (cf. [3; 2.10.2]). Let p be the projection onto H and z(f) be the central cover of p in n t (A)" 9 the commutant of n t (A) r .
We assume that the algebras B and D are acting on a Hilbert space. Proof of the Theorem. Let n 1 <n 2 <-~<n k be the dimensions of irreducible representations of A and let J t be the intersection of the kernels of irreducible representations of A with dimension n x . Let n be a representation of A on a Hilbert space with kernel I 1 . Write H as the extension of n to C on a Hilbert space .K such that the restriction of n(A) to a suitable subspace H of K is unitarily equivalent to n. Let z be the central cover of the projection p: k-+H in n(A)'. Take an element xeF (A,B) . As in the proof of Lemma 3.3 we can show that 7r®l(x)z®l belongs to F(n(A)z, B) with respect to n(C)" ®D. However, This is a contradiction. Therefore, L^(x -j; 1 )e/ 1 for every ij/eD*. On the other hand, as both x and j^ belong to F(A 9 B) it is apparent that R^x -y^eB for every <peC*.
Lemma 3.4. Suppose xeF(A,B). Then
7C,®l(x)z(0®l En t (A)z(t)®B. a
Proof. We shall show that the element 7r,®l(x)z(f)®l belongs to F(n t (A)z(t), B) with respect to n t (C)"®D. Then, as u t (A)z(f) is iso
isomorphism of n t (A)z(t)®B to A(t)®B. By the above lemma a a there exists an element x(i) in A(f)®B with 6 t ®l(n t ®l(x)z(t)®l) =
Let J 2 be a closed ideal of ^4 which is the intersection of irreducible representations with dimensions n l or n 2 . Then the quotient algebra I ill 2 is n 2 -homogeneous. Hence applying the same argument for x -y l eF (I 1 , B) we can find an element j 2 e/ 1 ®B such that Continuing this process we can find {y l9 J^,.--)'*-^} with y,-e/j-i®B a such that
x-yi-y 2 -----yfc-2 eF(/ k _ l5 B).
However the ideal I k -l is an rc k -homogeneous C*-algebra, hence by Lemma 3.6
Therefore xeA®B, which completes the proof. a There is one easy case which is not included in the above arguments. The second equality follows from the property of x. Thus x = An interesting class of C*-algebras satisfying the above condition is the class of injective von Neumann algebras. A von Neumann algebra M acting on a Hilbert space H is said to be injective if there is a projection of norm one from B(H) to M (we prefer the terminology "inject! ve" in Effros and Lance [5] to our original terminology, a C*-algebra having the extension property in [17; §7] The other inclusion follows from the commutation theorem for von Neumann tensor products as explained in §2. The rest is then just an immediate consequence of Proposition 3.7. §4. Relations between the Fubini Products and the Extraordinary Products by Effros
Recently Effros [4] has introduced an extraordinary product of two unital C*-algebras as a C*-algebraic analogue of the approximation property of Banach spaces. The definition goes as follows. Let A and B be C*-algebras with units. Let .4** and 5** be the second duals of A and B as the enveloping von Neumann algebras for A and B respectively. Let S* be the set of normal states of ^4**®B**. Since the predual of ,4**®£** is the tensor product A*®B* with the funca' tional cross norm a', S* is a subset of ^4*®B*. We provide it with a' the weak topology defined by A®B and consider this as a replacement of the product space of the unit spheres of the dual spaces in the case of the injective tensor products. Then, as in the case of Banach spaces, a C*-algebra D with is said to be an extraordinary product of A and B provided the first inclusion is proper and the elements of D are continuous on S* in the ;4®J3-topology. Since an element of D may sit outside the C*» tensor product ,4**®$**, this product may certainly be different from a our Fubini product. However we can define a slightly weaker Fubini product; Here the third equality follows from the property of the cr-weakly continuous mapping L^. We shall show that the C*-algebra, C*(x 0 , J 00 ®/ 00 ) is contained a in the stronger Fubini product, F s (/%/ 00 ) = {.xG(/ 00 )**®(/ 00 )**;K lp (x)6/ 00 , L^(JC) e /°° for every cp, ^e(/°°)***}.
In fact, it is enough to show the assertion for a singular functional cp of (/°°)**. We claim that R (p (x 0 ) = Q. Since e n is also a minimal pro-QO jection in (/°°)**, (p vanishes at e n for every n. Hence, putting z 0 = ^ e n in (7°°)**, we have As we have seen already the Fubini type principle plays an important role in the theory of tensor products of operator algebras. We shall, however, prove here that we can not expect this principle to hold for our generalized Fubini mappings. Namely we have the following result, which sounds quite natural in a measure theoretical sense. Proof. The sufficiency follows from the definition. So suppose R<P Q satisfy the above equality for any ij/eN*. From the assumption, the unit sphere of M is metrizable in the <r-weak topology. Let {a n } be a sequence in the unit sphere of M converging to zero a-weakly. Let {e n } be an infinite family of mutually orthogonal projections in N. Then the von Neumann subalgebra generated by {e n } is isomorphic to the l°° algebra. Write c 0 as the subalgebra of /°° consisting of all sequences converging to zero. We note that (/°°)i = cg, the polar of c 0 . 
